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Abstract 
It has been found that a simple fixed delay of the water along a river does not provide accurate enough river flow rates for 
scheduling of the river power plants. One problem is that production water seems to disappear along the river stretch. Another 
problem is that the delay time depends on the state of the river and is longer in dry than wet conditions.  
The first problem has been that only 50-80% of the production water released into the river actually arrives at the downstream 
power plant (after some delay). The mechanism responsible is identified as loss of river water to the sandy valley-bottom aquifer. 
While most of the production water is delayed with a few hours river delay, the lost fraction is delayed by days and weeks in the
aquifer. A coupled tank model is proposed to describe this mechanism. This model has been able to explain the water flow 
variation due to upstream production variation. 
The problem with river state dependence of delay has been approached with the method of characteristics, which provides a fast 
calculation of water wave movement along the river. The river flow rate is specified as a non-linear function of river water 
content. A two parameter power law is assumed to be valid for the entire river stretch. With this method, it is possible to 
reproduce the state dependence observed in the river. The studied stretch has a typical delay of 12 hours, but normal variation in 
the river state can change the delay by several hours. The improved delay calculation probably contributes to reduced production
imbalances in the downstream power plant. 
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1. Introduction 
For a watercourse with several power plants in series, production water from an upstream plant will propagate 
along the river as a wave, which arrives distorted at a downstream plant after a delay. This delayed production water 
must be subtracted from the measured river flow when local inflow is calculated (water household), and must be 
added to the predicted local inflow when the production of the downstream plant is predicted. Since the production is 
normally increased instantly from zero to a finite value, the production water starts out as a sharp wave at the 
upstream outlet point. The wave arrives after a certain time, but this time may vary with the river conditions, and the 
wave may be both broadened and attenuated. The focus of this paper is how to calculate the flow variation when the 
wave arrives at the downstream power plant.  
The simplest description of the propagation process is with a fixed delay time, assuming no broadening or 
attenuation. The data presented here shows examples that this is not always sufficient. Two problems have been 
encountered in our data. The first problem is that some production water sometimes appears to be lost during 
propagation. The other problem is that the delay time varies with river conditions, with larger delay at low river 
flows. The purpose of this work is to improve the scheduling of the downstream power plants, by improving the 
calculation of production water propagation along the river.  
Several methods for river propagation are available in the literature (references in [1] and [2]). The Muskingum 
algorithm relies on material balance, but is based on a specific assumption of water distribution along the river 
stretch. The method does describe the delay and the broadening of fronts (dispersion), but it does not capture the 
variation of delay with the initial state of the river. This is also the case with numerical waveform tables used for 
instance by [2] to describe delay and broadening. The river state not being a model parameter, different tables need 
to be used for different seasons or operating conditions. The full solution is formulated in St. Venant equations [1], 
and is used with detailed river geometric data in hydraulic software such as Hec-Ras. The full approach is too 
involved for real-time scheduling applications. For such applications, the fast methods presented here may be useful.  
The two problems addressed in this paper require two separate solutions. The loss of water to the valley-bottom 
aquifer is modelled with a coupled tank model that is specific to this loss mechanism. The model is similar to the 
hydrological model common in the Nordic countries, the HBV-model ([3]). This type of loss is normally not 
included in routing models. The state dependence of delays is handled by a method of characteristics solution of 
simplified St Venant solution. The physics is therefore standard, but this quick method with simple input (a simple 
two-parameter power law flow-vs-storage function describes all river properties) provides a complex and history-
dependent spatial description of the water wave and the outlet water flow.  
2. Field description 
The models developed here are applied to the hydropower system of the Orkla river in Norway, which contains 
two river power plants Brattset and Svorkmo separated by a 40 km river stretch. Midway between the two river 
plants the production water from the Grana power plant enters the river. The upstream Brattset plant receives 
production water from the Ulset power plant via an 8 km river stretch. The phenomenon of water loss to aquifer is 
most pronounced in the Ulset-Brattset river stretch, while the modeling of variable delay time is more relevant in the 
longer stretch between Brattset and Svorkmo.  
3. Models 
3.1. Aquifer loss model 
The problem with apparent loss of production water has been most pronounced in the Ulset-Brattset stretch. 
When production is started at Ulset, typically only 50-80% arrives at Brattset after four hours delay. This river 
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stretch passes a rich agriculture flat with sandy meandering-river deposits, and it is possible that some of the river 
water flows into the sand and seeps as groundwater flow to the dam. In stationary conditions the water level in the 
river and in the aquifer will be in equilibrium, but when the power plant suddenly starts, the water level in the river 
rises to above the equilibrium level, and water leaks out into the sand banks. The aquifer water also flows towards 
the intake dam for Brattset, but much more slowly than in the river. So while most of the production water is 
delayed with four hours river delay, a fraction is delayed by 2-4 days in the aquifer.  
The model proposed to model this mechanism is a coupled tank model, similar to the HBV model. The river is 
modelled as one tank, and the aquifer as another. Water flow between aquifer and river is proportional to the tank 
level difference. The flow of water out from the aquifer to the intake dam is proportional to the aquifer tank level 
only. This model is illustrated in Figure 1. 
Fig. 1. Principal sketch of aquifer water loss model. Variables are explained in the text. 
In this model, both the river and the aquifer is modelled as point objects with storage and flow capacities, but no 
physical extension. The volumes represent the volume of water in river and aquifer between the Ulset outlet and 
Brattset inlet. Water enters the river volume as production water Qp and as upstream river inflow Qur. The apparent 
inflow to the Brattset inlet is the sum of water from the river, Qr, and from the aquifer, Qa. The river water level, hr,
is assumed to vary with the river flow rate through a power law 
2/3
rrxpurr hKQQQQ    (1) 
The flow from the aquifer is modelled as Darcy flow, being proportional to water level in the aquifer, ha:
aaa hKQ   (2) 
The essence of the model lies in the mechanism for exchange of water between river and aquifer, Qx, where again 
Darcy flow is assumed  
)( arxx hhKQ   (3) 
The volume of water in the aquifer is found from aquifer area, A, porosity M, and water level ha as AhaM. A 
differential equation for the water level in the aquifer can be formulated based on volume balance, as 
hahr
QX=Kx(hr-ha)
Qr
AQUIFER
QurQp
RIVER
Qa
Apparent inflow
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The river depth hr can be found from Eq. (1), if the dependence on the unknown Qx is neglected (assume 
Qx<<Qur+Qp). Then the river depth can be treated as a known function of time, and Eq. (4) becomes a linear first-
order inhomogeneous differential equation that can be solved analytically by standard methods. With the ha(t) from 
Eq. (4), equations (1)-(3) provide a model for the apparent inflow to Brattset. 
3.2. Propagation method 
General open channel flow is governed by conservation of mass, energy and momentum, and this is formulated 
as St Venant equations [1]. In the general case, water depth at a point depend on conditions both upstream and 
downstream, linked to detailed geometry and inertial effects. The description of a single narrow rapid is complicated 
on a small scale, but the description on a coarse scale of a river with many rapids and ponds can be simpler. 
Neglecting inertial and energy terms (the kinematic limit), St Venant equations reduce to pure mass conservation:  
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Here, V is the volume of water per length of river (governed by river depth and width), Q is the flow rate, t is 
time, and x is the position along the river. In the kinematic limit, the flow rate is a unique function of the local 
amount of water in the river: 
)(VQQ   (6) 
In a real river, this relationship will vary along the river. However, if a single effective relationship is chosen for 
the entire river, it becomes possible to provide simple solutions of Eq. (5). With a Q(V)-relationship that is constant 
in time and space, the Eq. (5) becomes  
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With the method of characteristics it is possible to solve this equation, as it is commonly done for instance in 
petroleum engineering [4]. The simplifying trick is to consider the unknown function V(x,t) locally to be a 
propagating wave V(x,t)=V(x-vFt), and to use Eq. (7) to find the velocity vF a certain function value V moves with 
(th x-t-curve of a certain state is called a characteristic, giving the method its name). This way it is found that the 
velocity is 
dV
VdQ
vF
)(  (8) 
Figure 2 a) illustrates a general Q(V) relationship. It must be expected that flow rate increases with the amount of 
water in the river. Typically it will also increase faster than linearly with the amount of water. For instance, if a river 
consisted of a series of ponds with V-shaped outlets, the flow rate would vary as depth5/2. If the river had vertical 
banks the water storage would vary as depth1. Then the Q(V) function would vary as QvV5/2, and the velocity as 
vFvV3/2. In the present application, a general potential law has been assumed, 
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nCVQ   (9) 
Figure 2 b) shows the shape of the solution for a case of the shutdown of a power plant at position x=0, at time t0.
Before shutdown, water levels are high downstream of the water outlet. Just after shutdown, the water level is 
reduced at the plant outlet. The high water levels move fast (the dQ/dV-values are high), while the low water levels 
move slowly (lower dQ/dV). The result is a wave that propagates and changes shape with time. Moreover, the 
propagation velocity depends on the flowrate both before and after shutdown. If the shutdown reduces rate from 100 
to 90 m3/s, the rate reduction propagates faster than for a reduction from 20 to 10 m3/s.
The case with a production increase is more complicated. This is illustrated in Figure 2 c). The plain application 
of Eq. (8) would give the dashed solution profiles, where the fast high values seems to overtake the slow low values. 
This is not physically possible, because that would require a high and low river filling to be present at the same 
place at the same time. What actually happens is that a sharp shock front is formed. The speed of the shock front, vS
is such that mass balance is ensured (it becomes vS='Q/'V instead of vF=dQ/dV). This shock phenomenon is not 
mentioned in reference [1], but is central in other applications of characteristics theory [4].  
Fig. 2. a) river description function Q(V), b) wave solution for rate reduction, c) wave solution for rate increase. 
In this study, the software implementation of the method was essentially as illustrated in Figure 2. A profile of 
V(x,t) along the river was inherited from the previous time step. Each time step, the inlet point was given a value 
V(0,t) determined by the given inlet rate. Then each point was propagated according to v=dQ/dV. Finally, 
multivalued regions were transformed to shock fronts with a position that ensured mass balance. The outlet state 
V(L,t) was taken as the profile value at the length L of the river stretch. The Brattset-Grana stretch was calculated 
first, with inlet rate given by the sum of Brattset production and measured upstream flow rate. The Grana-Svorkmo 
stretch was modelled with inlet rate given by the sum of the Brattset-Grana model result, the Grana production 
water, and the estimated local inflow. Both river stretches used the same flow function parameters inEq. (9). 
4. Results 
4.1. Aquifer loss model 
Figure 3 illustrates the problems related to apparent loss of production water in the Ulset-Brattset stretch. The 
blue curve shows the water household inflow to Brattset, as is appears from the reservoir volume increase and the 
Brattset production water corrected for the upstream Ulset production water (delayed by 4 hours). The apparent 
inflow curve displays sharp jumps and negative values that contradicts hydrological experience. The river flow 
upstream of the Ulset outlet is actually measured, and this measurement (green curve) shows that the inflow is 
indeed smooth. When compared to the Ulset production profile (delayed 4 hours, lilac curve), it is clear that the 
jumps and negative values in the apparent inflow correlates with the starts and stops of the Ulset production. The 
water household inflow is too high when Ulset is stopped, and too low, even negative, when Ulset produces. 
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Fig. 3. Apparent Brattset inflow from water household (blue), measured upstream river flow (green), Ulset production (lilac), model result (red) 
The erratic behavior of apparent inflow can be explained by the model of water exchange with the aquifer. The red 
line in Figure 3 shows the flow of water to the Brattset reservoir as calculated with equations (1)-(4), with the actual 
Ulset production profile and using the upstream river measurement to represent natural river flow rate. The model 
can explain the extra inflow observed during Ulset stops, and it can explain the drop to negative values during 
production periods.  
The calculation of apparent inflow is interesting to test the ability of the model to explain the water household 
inflow curve. In an operative setting the aquifer loss model can be used to predict flow rate to the Brattset intake, 
based on an inflow predicted from weather forecast, and a given Ulset production plan.  
The tank volumes are estimated from the physical dimensions of river and aquifer. The exchange coefficients are 
adjusted for a match of the model output to measured data. Resulting parameters are shown in Table 1.  
     Table 1. Aquifer loss model parameters  
Kx 810000 1/d 
Ka 81000 1/d 
Kr 40 m
3/s/m1.5
N 1.5 
A 4.5 km2
M 0.3 
4.2. Propagation model 
Figure 4 presents the Brattset and Grana production water profiles for a period with several sharp rate variation 
events. The curves are delayed with 11 and 4 hours, respectively, in order to simplify the comparison of upstream 
rate changes with flow rates measured downstream at Svorkmo. With the constant-delay method used in the 
standard water household, the apparent local inflow to Svorkmo displays several sharp peaks at times of production 
water changes. The apparent inflow curve deviates from the smooth profile expected from hydrological experience. 
However, when the production water delay is calculated with the characteristics method, the peaks are significantly 
smaller, and the inflow curve significantly smoother. This is considered to be the indication that the characteristics 
method is better than the constant-delay method. Table 2 shows river lengths and the parameter values for the river 
flow function Eq. (9) found to give the smallest spikes in the inflow curve. 
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Fig. 4. Inflow to Svorkmo calculated with a fixed-delay method (green) and the characteristics method (lilac). Also shown is the upstream 
production water profiles for Brattset and Grana, delayed with 11 and 4 hours respectively.  
     Table 2. Parameter values for characteristics delay method 
C 0.142 
N 1.493 
L Brattset-Grana (km) 20.9 
L Grana-Svorkmo (km) 17.6 
Figure 5 provides a more general illustration of the performance of the characteristics method. The figure shows 
how the propagation time from Brattset to Svorkmo of a rate change depends of the final rate. This is different for a 
rate decrease (red curve) and a rate increase (the family of cold color curves). The way to read this chart can be 
illustrated by examples: for a rate decrease from 30 to 10 m3/s, the rate at Svorkmo starts to drop below 30 m3/s after 
8.5 hours (red curve at 30 m3/s), while the final rate arrives after 12.5 hours (red curve at 10 m3/s). For a decrease 
from 100 to 10 m3/s, the leading edge will move faster, giving the first rate drop at Svorkmo after 5.8 hours (red line 
at 100 m3/s), while 12.5 hours is still required to reach the final 10 m3/s rate. Figure 5 also shows observed delays 
for some Brattset production stop events, and it fits the model fairly well. 
Rate increases are treated in a different way. A rate increase from 10 to 30 m3/s needs 10 hours to travel to 
Svorkmo (read off blue curve at 30 m3/s), while an increase from 20 m3/s to 30 m3/s takes 9 hours (turquoise curve 
at 30 m3/s).
This example shows that the characteristics method contains significantly more physical detail than a simple 
fixed-delay method. The characteristics model can explain the observed variation in delay times over a broad range 
of river flows, with only the two free parameters in the rate-volume curve Q(V). In addition, the model predicts a 
change direction dependency that is not much discussed in literature. 
Discussion 
One application of the improved river transport models is in the improvement of inflow calculation from water 
household procedures. This has been emphasized here in order to illustrate the performance of the model. A more 
important application is to improve the prediction of water flow in downstream power plants, based on a smooth 
local inflow forecast and sharply varying upstream production profiles. The magnitude of improvement for the water 
flow prediction is of the same magnitude as shown for the inflow calculation. In the aquifer loss case, flow errors of 
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typically 3 m3/s lasts for typically 12 hours. This can be a significant share of the inflow to Brattset, particularly in 
winter time, as it corresponds to 10% of the reservoir capacity for Brattset. For the Brattset-Svorkmo delay case, 
typical errors are 5-10 m3/s lasting for 1-2 hours. Svorkmo is essentially a river power plant, so such flow rate errors 
creates production imbalance that can be reduced with improved models, and income loss can be avoided. The 
models presented here have been built into a special production planning tool that aims to improve scheduling of 
production.  
Fig. 5. Delay time from Brattset to Svorkmo from the characteristics method, with observed delay for rate decreases.  
The aquifer loss phenomenon is not only observed in the Ulset-Brattset stretch, but also sometimes in the 
Brattset-Svorkmo stretch. This indicates that this mechanism probably is quite general, and most likely observed in 
other rivers as well.  
The characteristics solution to delay must also be expected to be relevant for other rivers, and more so for even 
longer river stretches than studied here. The essential point of the present work is that a model with only two 
adjustable river parameters can describe a quite complex variation of delay times with both flow magnitude and 
flow change direction, as illustrated in Figure 5.  
One limitation of the characteristic method is that dispersion is not included. The shocks and waves will not be as 
sharp as shown in Figure 2, but will be smeared out by diffusive effects not captured in the kinematic limit. 
Dispersion seems to be only a small effect in the relatively steep river between Brattset and Svorkmo (3 m/km), but 
can dominate in others [2]. This can be alleviated by smearing out the sharp front solution for instance by waveform 
tables [2]. 
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